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ON BOUNDARY VALUE PROBLEMS OF HIGHER ORDER 
FRACTIONAL INTEGRO-DIFFERENTIAL EQUATIONS IN BANACH 
SPACES 


SABRI THABET MOTHANA, MACHINDRA B. DHAKNE 


ABSTRACT. This paper is devoted to study the existence and uniqueness of solutions of 
fractional integro-differential equations involving Caputo derivative with boundary value 
conditions of higher order in Banach spaces. A new generalized singular type Gronwall’s 
inequality is given by us to obtain priori bounds. New sufficient conditions for the exis- 
tence and uniqueness of solution are established by means of fractional calculus, fixed point 


theorems and Holder inequality. Examples are provided to illustrate the main results. 


1. INTRODUCTION 


Fractional differential equations is a generalization of ordinary differential equations and 
integration to arbitrary non-integer orders. In the last few decades, fractional order model- 
s are found to be more adequate than integer order models for some real world problems. 
There has been a significant progress in the investigation of fractional differential and partial 
differential equations in the recent years; see the monographs of Kilbas et al. [10], Miller 
and Ross [15], Podlubny [16], Samko et al. [17] and the references given therein. Recently, 
some basic theory for the initial value problems of fractional differential equations involving 
a Riemann-Liouville differential operator of order a € (0,1) has been developed by Lak- 
shmikantham and Vatsala in |11, 12, 13, 14]. Fractional differential equations have been 
proved to be valuable tools in the modelling of many natural phenomena in various fields of 
engineering, physics, chemistry, aerodynamics, electrodynamics of complex medium, see for 
example [8, 10]. In [23], authors studied a hyperplastic and fractional derivative viscoelastic 
model to describe infant brain tissue under conditions consistent with the development of 
hydrocephalus. Agarwal et al. |2] established sufficient conditions for the existence and 
uniqueness of solutions for various classes of initial and boundary value problem for fraction- 
al differential equations and inclusions involving the Caputo fractional derivative in finite 
dimensional spaces. Recently, some fractional differential equations and optimal controls 
in Banach spaces were studied by Balachandran and Park [3], El-Borai [5], Henderson and 
Ouahab [6], Hernandez et al. [7], Wang et al. [20] and Wang et al. [21, 22]. 
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Karthikeyan and Trujillo [9], Wang et al. [19] and Yang et al. [24] have extended the work 
in [1] from real line R to the abstract Banach space X by using more general assumptions on 














the nonlinear function f. Very recently, authors |4] have studied boundary value problems 
for fractional integro-differential equations 


(rat = F(t, yl), (SUE), t € J = [0,T],a € (n= 1,0), 
EE EE e * 
y" HOT) = yr, 


where *D*? is the Caputo fractional SM of pus a,f:JxxXxxX > X,and Sisa 
linear integral operator given by (Sy)(t E s)ds, where k € C(J x J, R^). 














We are motivated by the works in [9, 19, 24] and influenced by Chalishajar and Karthikeyan 
[4]. Our aim in this paper is to consider the following more general boundary value problem 
for fractional integro-differential equation 


*D^a(t) = Dal, (Beete J = [o TL € (n — 1,0), 
(1) CO = zo, ap Q0 = z4, z” (0) = z2, ... OOO) aa, 
g(n-D(T) = zr, 


where "D is the Caputo fractional derivative of order o, f : J x X x X — X is a given 
function satisfying some assumptions that will be specified later and zo, zà(i = 1,2,...,n — 
2n >3,Nn e an integer ), zy are elements of X, and S is a nonlinear integral operator given 
by (Sz)(t) = fo k(t, s,2(s))ds, where k € C(J x J x X, X). 

We E existence and uniqueness results for the fractional boundary value problem 
(BVP for short), (1) by using fractional calculus, fixed point theorems and Holder inequality. 
Compared the present paper with the work [4], there are at least three differences: (i) 
the operator (Sz)(t) is not linear but nonlinear operator; (ii) another singular Gronwall's 
inequality is given by us (Lemma 3.2) to obtain the priori bounds; (iii) some new hypotheses 
applied on the function f. Our attempt is to generalize the results proved in [1, 4, 24]. 

This paper is organized as follows. In Section 2, we set forth some preliminaries. Section 
3 introduces a new generalized singular type Gronwall inequality to establish the estimate 
for priori bounds. In Section 4, we prove our main results by applying Banach contraction 
principle and Schaefer's fixed point theorem. Finally, in Section 5, applications of the main 
results are exhibited. 


2. PRELIMINARIES 


In this section, we set forth some preliminaries from [10, 25]. 
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Let X be a Banach space with the norm ||-||. We denote by C(J, X) the space of X-valued 
continuous functions on J with the supremum norm ||x||;; :— supi||x(t)]| : t € J}. For mea- 
iE 














surable functions m : J — R, define the norm |Im||r»zg = (f; |m(t)/Pdt)” ,1 € p < oo, 














where L?(J, R) the Banach space of all Lebesgue measurable functions m with ||m]| ze(r) < 
Qo: 


Definition 2.1. The Riemann-Liouville fractional integral of order a > 0 of a suitable func- 
tion h is defined by 


Ie, h(t) = ro d CN 











where a € IR and I is the Gamma function. 





Definition 2.2. For a suitable function h given on the interval |a, b], the Riemann-Liouville 
fractional derivative of order a > 0 of h, is defined by 


DEW) = py (G) S e-noa, 


(n — a) 


where n = |a] + 1, |o] denotes the integer part of a. 


Definition 2.3. For a suitable function h given on the interval |a, b], the Caputo fractional 
order derivative of order a > 0 of h, is defined by 


m" i — s) Tth (5\ds 
roa | E Ods 


where n = |a] + 1, [a] denotes the integer part of a. 


C Dr, h)(t) = 


Remark 2.1. (i) The Caputo derivative of a constant is equal to zero. 
(ii) If h is an abstract function with values in X, then integrals which appeared in Definitions 
2.1, 2.2 and 2.3 are taken in Bochner’s sense. 


Lemma 2.1. ((25]) Let a > 0; then the differential equation “D°h(t) = 0, has the following 
general solution h(t) = co + ct + cot? -- Lef, where c; € R, i = 0,1,2,...,n — 1, 

















where n = |o] + 1. 
Lemma 2.2. ([25]) Let a > 0; then 


PED YO = h(t) + co + eit + eot? + ke at, 

















for some c; € R, i = 0,1,2,...,n — 1, where n = [a] + 1. 
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For more details, see [10]. 


Definition 2.4. A function x € C(J, X) with it’s a derivative existing on J is said to be 
a solution of the fractional BVP (1) if x satisfies the equation “Dx(t) = f (t, x(t), (Sv)(t)) 
a.e. on J, and the conditions x(0) = xo, z'(0) = z4, z"(0) = x2, ..., 

ape DP = zr. 


For the existence of solutions for the fractional BVP (1), we need the following auxiliary 
lemma. 


Lemma 2.3. Let f : J + X be continuous. A function x € C(J, X) is solution of the 
fractional integral equation 


t"- 1 


2) men [| 0-97 T0965 








2 n—2 
da e 260.52 To n-2 TT _ uet 
+ xo + vof 4 Feed | p 
POT ROE grt (o — 21 KEREN 
if and only if x is a solution of the following fractional BVP 
(3) *D?z(t) = f(t),t € J = (0,T],a € (n — 1,n), 
(4) z(0) = zo, z'(0) = zl, z"(0) = 22,..., 27? (0) = 22? "7D (T) = zr. 


Proof Assume that x satisfies fractional BVP (3)-(4); then by using Lemma 2.2 and 
Def. 2.1, we get 














where c; € R, i = 0,1,2,...,n — 1. That is: 


(5) oi > 





i 
(a) d (t—38)*- f(s)ds — co — cit — eof? —  — Got”? = c tts 
a) Jo 


By applying first condition of (4) i.e z(0) = ro, we have 


XQ = —Co > Co = — To. 
Now, 
1 : = 
pub = Maat) ji (t — s)*?f(s)ds — cı — 2egt — ... 
—(n — 2)c, 9t"? — (n — 1)es 4t" ?, 
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And, 
qu = CERT fe — s) f (s)ds — 2c2 — ... 


(a — 
-= (n = 2)(n — 3)cn-2t* — (n= 1) (n= 2)e, 4t" 3, 


by using z"(0) = x2, we have 
2 


By continuing this process, we have 





oO) = we tt Flas 
—(n — 2)(n — 3)(n — 4)... (2)(1)en—2 
—(n — 1)(n — 2)(n — 3)... (3)(2)cn-1t, 
by using z("-2 (0) = z5 ?, we have 
gre = —(n—2)le, 9 > Cn—2 = — = 3r 
Finally, 
red (t) = Fa — SR | (t — s)° "f(s)ds 


= (n = )(n — 2)(n = 3)... (3)2)()6 
= e | (t — s)* "f(s)ds — (n — 1)len_1, 
by using zl" HUT) = ap, we obtain 


1 T = 
TN mm, (PAs) acc ec 
Hence, 


TT 1 


"(n-Di ^ (n-DiT(a-n41) d (T = s)" "f(s)ds. 





Cn-1 = 


Now, by substituting the values of c;(? = 0,1,2,...,n — 1) in (5), we obtain 


ze aw f (t — sy"! (s)ds 


t T Se 
(n— 1)T(a — n 4 1) d ee 








6 MOTHANA AND DHAKNE 

Conversely, assume that if x satisfies fractional integral equation (2), if t € [0,7] then 
z(0) = zo, z'(0) = zl, z" (0) = 22,..., ("7-9 (0) = A ?, x79 (T) = zr and applying Remark 
2.1 (1)-(iii), we get (3) is also satisfied. 














As a consequence of lemma 2.3,we have the following result which is useful in what follows. 


Lemma 2.4. Let f: Jx X x X — X be continuous function. Then, x € C(J, X)is a solution 
of the fractional integral equation 


it En ra; h, 67 916r (82)())d5 
tn 


RE KUER d (T — s)*7^ f (s, (s), (Sx)(s))ds 








if and only if x is solution of the fractional BVP (1). 


Lemma 2.5. (Bochner theorem) A measurable function f : J — X is Bochner integrable if 
III is Lebesgue integrable. 


Lemma 2.6. (Mazur theorem, |18]) Let X be a Banach space. If U C X is relatively 
compact, then conv(U) is relatively compact and comv(U) is compact. 


Lemma 2.7. (Ascoli-Arzela theorem) Let S = {s(t)} is a function family of continuous 
mappings s : [a,b] — X. If S is uniformly bounded and equicontinuous, and for any t* € 
[a, b], the set (s(t*)) is relatively compact, then, there exists a uniformly convergent function 
sequence (ss (t). (n = 1,2,...,t € [a,b]) in S. 


Lemma 2.8. (Schaefer’s fixed point theorem) Let F : X — X be a completely continuous 
operator. If the set E(F) = {x € X : x = nFx for some n € [0,1]) is bounded, then, F has 
fixed points. 


3. A GENERALIZED SINGULAR TYPE GRONWALL'S INEQUALITY 


In order to apply the Schaefer's fixed point theorem to establish the existence of solutions, 
we need to introduce a new generalized singular Gronwall type inequality with mixed type 
singular integral operator. It plays a fundamental role in the study of BVP for nonlinear 
differential equations of fractional order. 

We, first, state a generalized Gronwall inequality from [21]. 


Lemma 3.1. (Lemma 3.2, [21]) Let x € C(J, X) satisfies the following inequality: 


lab € a -- b / la (0| do + c / la) 


t 
Pasa f fesliydo 
0 
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T 
+e f llxel[24d0,t € J, 
0 
where A1, A3 € |0, 1], A2, Au € [0, 1), a,b, c, d e > 0 are constants and 
nelle = supo<s<o ||x(s)||. Then there exists a constant L > 0 such that 
eil € L. 


Using the above generalized Gronwall inequality, we can obtain the following new gener- 


alized singular type Gronwall inequality. 


Lemma 3.2. Let x € C(J, X) satisfies the following inequality: 
t T 
ll € ab | (t — s)?" la(s) ds + c f (T — s)" lla (s) ds 
0 0 


i Tq 
+d | (t — s)?" liz, de + e f (T — dran 
0 0 
(6) 


where a € (n — 1,n),à € [0,1 — 5) for some 1 < p < —, ||zs||B8 Spa |x(7)]| and 
a,b,c, d, e > 0 are constants. Then, there exists a constant L > 0, such that 


eI L 

Proof Let 
fon OIL 
i - Ls leo] > 1 


Using (6) and Hólder inequality, we get 
eil < |ly@)I 
T 


« (1) +b AE ET NEEN 


t T 
+d I 1 — all, de 2 1 (T — irae 
0 


SEENEN penas)” (f llu(s) ech 
Ur spas) | (f we "- 


T 


$ 
+ dlly. ll f E + ell H (T — s)" ds 


x orn e (e SCH f we VS ds 
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q»(o-n)*1 a T Bhd 
S)||P-1 as 
care f wn 








a—n+1 
+d 5 3 EE 
lly R= ~ + elly I^ mE 
* y To-nt+1 
< 1 d s ACT E Bs = pele ae 
DE CINE 





Tra- 1)+1 
ae) [mona 


ae z on 
s)|| »-1 ds, 
zi) A lul 








where 0 < I <1. 
Hence, by lemma 3.1 there exists a constant L > 0, such that ||z(£)|| < L. 














4. MAIN RESULTS 


For convenience, we list hypotheses that will be used in our further discussion. 


e (H1) The function f : J x X x X — X is measurable with respect to t on J and is 
continuous with respect to r on X. 

e (H2) There exists a constant a, € (0,0 — n + 1) and real-valued functions m(t), ma(t) € 
La (J, IR), such that 


Ir. x(t), (Sx)()) — f (6 (6), (5) (0)l € malt) (Ie) ail + See) — Syll), 
l| (t, s, zial — k(t, 5, y(s)) |] < ma(t)llx(s) — ais, 


for each s € [0,t], t € J and all x,y € X. 
T: 
e (H3) There exists a constant o» € (0,0 — n + 1) and real-valued function h(t) € L^» (J, R), 
such that || f(t, (t), (S)(t))|| € h(t), for each t € J, and all z € X. 
For brevity, let M = ||m; + mymeT'|| di rR) and H = ai T 
e (H4) There exist constants À € [0,1 — gd for some 1 < p < — and Ny, Ng > 0, such that 


























If (t, 2), (Sx)(t)) |] € Met + leif + (Sx) OI), 
llk (t, a, (8)) || < Ne(1 + stell") 
for each s € [0,t], t € J and all z € X. 


e (H5) For every t € J, the sets 
Kı = ((t — se"! f (s, ziel, (Sz)(s)) : x e C(J, X), s € [0,0] ] and 


ON BOUNDARY VALUE PROBLEMS 9 


Ko = { (t — s)o7" f (s, x(s), (Sx)(s)) : x € C(J, X), s € [0, t]) are relatively compact. 


Now, we are in position to deal with our main results. 


Theorem 4.1. Assume that (H1)-(H3) hold. If 








M Por“ M "Toon 
(7) Qa Tn = I | LU ES <1. 
Per E poen e= @ =n pa) na 


Then, the fractional BVP (1) has a unique solution on J. 


Proof By making use of hypothesis (H3) and Hölder inequality, for each t € J, we have 
t 
fe- It arts els), Go) ))Ms < | (= A(S 29); (S2)(8)) las 
i 
< f g-a ioi 
0 


< (fe as) B (focos) 





EN de Tao 

— =a 

<H = = EH m 
ES a2 + 1 0 ( 1—o»2 ) 2 





Thus, ||(t — s)°~' f (s, (s), (Sx)(s)) || is Lebesgue integrable with respect to s € (0, t] for all 
t € J and x € C(J, X). Then, (t—s)*"' f(s, (s), (Sx)(s)) is Bochner integrable with respect 
to s € [0, t] for all t € J due to lemma 2.5, and 


T 


/ IT — 327^ f (s, a (s), (Sx)(s)) lds < J (T — s)*7l f(s, a (s), (Sx)(s)) lds 
«f (T — s)* "h(s)ds 


< (['a- 6a) 2 (f oae) 


a—o5—ncl 1—o2 41 
T Ta [«-e2-n 
< H | a—2a»—n41 < H (aca mas R 


1—a» 


a2 





Thus, ||(T — sl" f (s, x(s), (Sx)(s))|] is Lebesgue integrable with respect to s € [0,7] and 
a € C(J, X). Then, (T — s)^^"f(s,z(s),(Sv)(s)) is Bochner integrable with respect to 
s € [0,7] due to lemma 2.5. 

Hence, the fractional BVP (1) is equivalent to the following fractional integral equation 


1 


HD - mu d (t — s) f(s, 2(s), (Sz)(s))ds 
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"io: me: rap |, Co 96) Gaps 




















gl POR aed To nemen. CHE ma 
r0 d tot 4 T E | (n — 2)! | (ncs 
Now, let B, = (x € C(J, X) : ||zlo; € r}, where 
pl HIS HTe-e a—05—n-41V 0-99 
j 
(8) NG) Gag ea gees Klee eck E 1—ag 
-2 
um, llo Ls e pee yer 
Define the operator F on B, as follows: 
1 r E 
(FENO = gs ] €- 9*7 Gs n(9).(82)))d5 
a) Jo 
t T 
9 = T — gy 
(9) oma aa J, T- Heal) 2) 
2 n—2 
A posl; í120,42 , , T9 n-2 , n-1 
H To + Tot +4 PIE T T (n — 2)! T (mc te J. 


Clearly, the solution of the fractional BVP (1) is the fixed point of the operator F on B,. 
We shall use the Banach contraction principle to prove that F has a fixed point. The proof 
is divided into two steps. 


Step 1. F(x) € B, for every x € B,. 
For every zr € B, and 6 > 0, by (H3) and Holder inequality, we have 


I| CP (a)) + r^ (CF) (1 
xs tà — al f (s, (s), (Sx)(s))ds 








Fa) d (t — s) "s GS). (Sx)(s))ds 



































Jes f, E-leal), 6209) 
DEC T [sr EE 
+ |lag(t +6 —t) + + Si ap - t£) +... 

"s ji Biet ef i pil ën) — grt] 
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1 


* rJ [E+ 5 — 87 —(—37] IIF (s ziel, (Sx)(s)) IIds 


1 t+5 -€ 
d ] 5-57) G2) s 


(or eq 
ls —])T(a—n-41 





j fo = SY "ls zial, (S2)(s)) 


|ds 


2 
x 
+ lili 5 — 0 Elere. 











el L Er zrl , n=l _ yn-1 
a e o ile et - n7 
1 : a—1 a—1 

= Fa) j (t +8 — s) — (t al ]h(s)ds 


1 LO "m 
T St (t +ô — s)" h(s)ds 


eine = | Je — s) "h(s)ds 





jk kän 4-5 — 0 + Ee y a... 











I A ey? = e e EE ee gr cen 


« as (f tesa ana) 7 (fente) 


Q 


* raj (e BR i (/ Mya) 





NL ease (forte) 


+ Län 4-50 + Ee y a... 











mpl + aye en Wa (EEN 


o ec? bon yas) 
t+ô 

ve! (t 4-ó — may (m i yds) 

re zu] n Bee M "(osa 








—a a2 


a2 


MOTHANA AND DHAKNE 


12 
2 
+ lait +ô — t) + "7 [t - 8) — £9] 4+... 





















































lx ^| n—2 n—2 |x| n-i n—1 
(pns d) ("774 quc pu e) i 
a —a2 a—a2 a—az \ l—o2 a-ag \ l—-a2 
E H —ó1-e2 (tô) tie l H Ô 1-22 
TO) \ ee x ET EIC 
a-ag—nt+1 1—a2 
| (E tm IL T P 
(n — 1)IT(a — n 4 1) aca 
2 
x 
+ Iz +6 — t) + "7 JEE 
(fäi n—2 n—2 zr || n—l — yn-1 
con ("74 poet pU. 


It is obvious that the right-hand side of the above inequality tends to zero as 6 — 0. There- 
fore, F is continuous on J, that is, F(r) € C(J, X). Moreover, for x € B, and all t € J, by 


using (8), we have 


ji (t — S7 lf (s, 2(s), (S) (s)) ds 


nde eng | E-o) 


EENEI < Fa 

















tne. Ill 2 lzo ^l ane, Merl ua 
+ t4 Ped f^? t 
1 f I 
< on (tes yn ids 
0 
t T 
T — s)" "h(s)d 
ere eremi pn dE 
iy, loll, lzo ^M ne, Merl ua 
+ t4 Ped | t 





a2 


S Fa) (fe 7 ol m (fona) 
Te ) (fe 7 DL B ( | marie 


(n — D'T(a—n-1 


2 
1 Izoll_,2 
DS t4 1^ des 





| zo || te? i [zl pel 
(n — 1)! 
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HTe-e HT a—ag—nt1\ 0799 
"enar m eal ee al) 1— a2 
2 2 
e, Dë, EM pe rl pe 
<r. 


Thus, ||F(x)|; <r and we conclude that for all x € B,, F(x) € B,, that is, F : B, > B,. 


Step 2. F is contraction mapping on D. 
For z, y € B, and any t € J, by using (7), (H2) and Holder inequality, we have 


IEEE — (all 
> In S El) G0) = sa). 9) | ds 


NT 
~ Pa) Jo 
t 


"mscr J, (air Aa) 829) = Za nie (Soe) d 


1 
Gi 
~ Pa) 





f (t — s)? mis) (Ilx(s) — giel + IICS2)(s) — (Sy)(s)||)ds 
tn 


E / (T — 8)°="m (s) (llæ(s) — y(s)l| + Il(Sx)(s) — (S) CI) ds 





1 E - 
STE mi(s) 


x (iets — y(s)|| + [ lele 7, x(7)) — k(s,7,y(7))|| ir) ds 
t 


(emgeet Den 


x | |la(s) — y(s)|| + [ Iris, x(7)) — k(s,7,y(7))|| ir) ds 





| = 
2 


tni 


E 1)IT(a — n — 1) ek (ma male) 


x (lets) =a sil + f mals Woe ac 


e sin f 6-9 “yn, (8) (Ile — ylloo + aset — vllo.) de 
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to 
(n —1)T(a—n41 


De M S m 1) ( fe E aas) 


x ER (ma (5) + ma (s)ma(s)T) D MN 


a—ao1 1—oi a-ay—n+1 l-ai 
Mile — yllo In Miz-wl." [T *- 
SS | 
= I'(o) OO) (n = 1)IT(o -n + 1) a-—a,—n+1 


l-a, l-a, 





d (T — s) "mi(s)(llz — yllo + ma(s)T||z — ylloo) ds 


1—o1 


(f (ma(s) + mi (s)ma(5)T) 2 a 


1—o1 




















E M Teea M Te-a | | 
| X — |o. 
T \ P(e) (92% )l- ^ (n— 1)IP(a — n + 1) (mn en H 


1—oi l-a, 


= Qe,7n||z — yllo- 


Thus, we have 


|F (x) = Flee S Qara — yllo- 


Since Qa, Tın < 1, F is contraction. By Banach contraction principle, we can deduce that F 











has a unique fixed point which is the unique solution of the fractional BVP (1). 





Our second main result is based on the well known Schaefer’s fixed point theorem. 


Theorem 4.2. Assume that(H1), (H4) and (H5) hold. Then the fractional BVP (1) has at 
least one solution on J . 


Proof Transform the fractional BVP (1) into a fixed point problem. Consider the oper- 
ator F : C(J, X) > C(J, X) defined as (9). It is obvious that F is well defined due to (H1), 
Holder inequality and the lemma 2.5. 


For the sake of convenience, we subdivide the proof into several steps. 
Step 1. F is continuous operator. 
Let {x£} be a sequence such that x, — x in C(J,X). Then for each t € J, we have 


Ire, II) — LE tel 
: SE = S, T(S TJS S 
Stam a |Z (5. (8). (52) (8)) — f(s, ziel, (Sx)(s)) || d 


t 
(n— D T(a —n41 





j We (T — an Il f(s, (8), (Sv,)(s)) — f(s, ziel, (Sx)(s)) || ds 
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< |f Gas C); (SEn) 0)) = £600), (2) CJ) Ds ad (t — s)" de 


EGO, G0) - £620, 6) )] t7. [7 - 
| (s 1yT(a RED | 0-7 





< [AC 2al) S20) = (20: G9OJIL, rc 


Grn E A | pecu 
| (n — DIT (a — n +1) (a — n 4- 1) 











TS que 
< (ra * woe ces ad (8290) = £6.20, CED he: 
Taking supremum, we get 


lE, — Fx 


T T^ 
* ocn dee Dra) LOL eO), (S20) = £6.20), G9)0) |I. 





since f is continuous, we have 


|Fzn — Fal, 0 asn- oo. 


Therefore, F is continuous operator. 


Step 2. F maps bounded sets into bounded sets in C(J, X ). 
Indeed, it is enough to show that for any 7* > 0, there exists a | > 0 such that for each 
x € By = {x£ € C(J, X) : Ile zk, we have | Fz||;, < I. 
For each t € J, by (H4), we get 
1 f a 
IFO € Sé (t — S? N;(1- |la(s)||* + Wëcitelllds 
0 


t 
(n — 1 T(a —n41 





) / (T — sS)" N;(1- |le(s)|I* + |[(S2)(s)|]) ds 





Eil 





A | [zr | pl 


2 
+ [lool + Heb] + Molle 4... 4 
2! (n — 2)! (n — 1)! 


< n RER (1+ boer: Us nati) de 


nm) T "T 
| essen, eee) 
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x Ny (: + Lett + ih tan tc) de 


äi, . las, bel 
2! (n — 2)! (n — 1)! 





+ [Io] + |Izollt 4 


< Fu IR — al" Ns ( + |læ(s)|| + [ Nx(1 + lector) ds 


ti T P 
| ceux VER 


x Ny ( + ||x(s)|* + [ Nx(1 + cru ds 











1 ISO Iesel, Zë rll `. 
t | t | acis t 
+ ||zo]| + lol] 2 ES AS 
1 t 
= Pai | (t — s N Wellt, + NM) tr leide 
0 





tni T ut 
| GOL EDU pee 


x Ng(1- lef. + Ne(1  ||x||3,)T)ds 








1), 4 Ural. to" ano, Merl uua 
pese eee | t 
Nal ia - NT) T g 
rus Wi (t — s)*"'ds 
a) 0 





CON + (n*)>)(1 + N,T) T = 
(n—1)IT(a—n+1) | (Tg) "ds 


























tng. læoll,2 Il, Merl usa 
$ Qo eee ps t 
Né (n) 4 NT) t2 
m Tr(a) a 
CONS + (oz At T N,T) Ta-n+ 
Dt EH Lenk  (u-—m-L 
1), 4 Izoll 2 lzo M c2, Merl ua 
ud PA d | t 
1 1 
« | N,(1 SA + N,T)T* 
< (ae sw) Arq See) 
2 n—2 
us, le... Il, Jl a 


<l 


LT 
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where 








1 1 
x | Ng(14- fat 4- N,T)T? 
Gress aos £O (n*)*)( TNT) 
n—2 
apr Elre q... p eg reo Jl pe 
+ [oll + Lol 7 CEST D 


'Thus, we have 
It Fill € l and hence Tal, < l. 


Step 3. F maps bounded sets into equicontinuous sets of C(J, X). 
Let 0 € tı € t3 < T, x € B,». Using (H4), again we have 


1 h 
< cd [(t2 — s)" — (ty — s) TT Nett F fallos + NI + Well.) T) ds 
0 























p yu E 
eg]. 9 NO + elè NO + [Das 
t 
c tt i u x : 
(n — 1)IT (a — n 4 1) Jo (T — 8)*- "Ny (1 riet. + Ne(1 + llla) T) ds 
r2 x 2 ee Dä x pe AR 
+ leale) + Kleg -p ee FEE Bg em ler: caen 
Nol o Q))0 NT) f^ a= PE 
< ( ue k ) [(t2 = s) Te f. (t m s) d di 
Nil (ny 





II" NT) S — ein lde 

T(a) / (ta — s)* "d 

(577 — ENG t (0) - NIT). 7 SCH 
(n-=1)T(a — a1) / (T — s)* "ds 



































1 aal 2 2 | zo "TI n—2 n—2 zrl n—1 n—1 
+ [[voll(t2 — t1) + EI (t5 — 5) t d (n —3) 2 E M. (n —1) Aë m) 
Ng. (n*))(1 + NT) ard reo NG en) NE) ses 
: I'(o 4- 1) eas (n — 1)IT(a — n 4- 2) j 
1 læs i l leo Ml oe: U^ Ane n zrl n-l _ yn-1 
+ ||zoll(t2 — t1) + EI (t5 — 8) «4 (n — 2)! Aë t 7) (n — 1)! pi ty). 
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As tg — ti, the right-hand side of the above inequality tends to zero and since x is an arbi- 
trary in Da, F is equicontinuous. 


Now, let {z,},n = 1,2,... bea sequence on B,-, and 


(F2,)(t) = (Fitn)(t) + (Fo) (t) + (Fs) (t), t € J, 








where 
(ne jG Fa d (t — s)* f (s, 2. (5), (ës, Mailda, t € J, 
(ass) = = n m / (T — s)°-" f (s, x, (5), (Stn)(s))ds,t € J, 
(Fyx)(t) = xo + adt 4 ore bees ait | mop ue J. 


In view of hypothesis (H5) and lemma 2.6, the set conv K, is compact. For any t* € J, 


(Fya,)(t*) = a / (t* — s)?! f(s, tals), (Stn)(s)) ds 
le Rg NO i og S un it 
SCT KEE 
a 
= Tayo 


where 


zo iN fato dt it* 
Now, we have ((Fiz,,)(t)) is a function family of continuous mappings but, : J > X, which 
is uniformly bounded and equicontinuous. As comvK, is convex and compact, we know 
Cni € conv K,. Hence, for any t* € J = [0, T], the set ((Fiz,)(t*))], is relatively compact. 
Therefore by lemma 2.7, every ((Fiz,)(t)) contains a uniformly convergent subsequence 
{(Fi£n,)(t)}, k 2 1,2,..., on J. Thus, (Fix : x € By} is relatively compact. 


Set 


t 


(Fons) ()) = "(n-1)T(a—-n41 





/ (t — s)°- f (s, v. (s), (Stn)(s))ds,t € J, 
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For any t* € J, 








(Fas) = ipee ff € 7 9 enis ës 
'- (n-1)I(oa-n--1) 





" E a 
|. (n-1)T(a-n4 pj 





where 


k . a-n ` S ? 
1/ it it* te it” 
cond E(t) fpei) 
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Now, we have TU Pap, WI) is a function family of continuous mappings Foz, : J — X, which 


is uniformly bounded and equicontinuous. As comUKs is convex and compact, we know 
C.» € conv K». Hence, for any t* € J = [0, T], the set ((Fox,)(t*)), is relatively compact. 
Therefore by lemma 2.7, every {(F22,)(t)} contains a uniformly convergent subsequence 


{(Foan,)(t)},k = 1,2,..., on J. Particularly, {(Fz£n)(t)} contains a uniformly convergent 


subsequence {(F2%p,)(t)},k = 1,2,..., on J. Thus, (Fox : x € Bp} is relatively compact. 


Obviously, the set (F3 : x € By} is relatively compact. As a result, the set (Fx : x € 


DB, is relatively compact. 


As a consequence of steps 1-3, we can conclude that F is continuous and completely contin- 


uous. 


Step 4. A priori bounds. 
Now it remains to show that the set 


E(F) = (x € C(J, X) : x 2 nFx for some y € [0, 1]), 


is bounded 


Let x € E(F), then x = 7F x for some 7 € [0,1]. Thus, for each t € J, we have 
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vt) =n (ary [| (€ Hea), (tel 


(a 
t 


e a 0-2 160 6n) 


To 2 l aeuo l dy t7? | TT 10-29 1 
2! (n — 2) T 








+ xo + nat: 


Using (H4), for each t € J, we have 


zl < EEE 
1 a—1 A A 
< i (t — 5)"; (1 lla )]P + Ne(1 + Leide 


tn T D? 
| Cerca ym 


x Nr) + lx(s)]^ + Nu) + lzs||5)T)ds 














1 e| Loos Mem us, erll uu 
+ [xo] + |[zollt 4 ! t 4 (n2) CER 
Ny T -1 Ny [ -1 A 
< (t — s)? ds + (t — s)*— |x(s)||^ds 
Pa) Jo Ta) Jo 
Ne NT ri e Ni Nel : -1 A 
4 (t— s)? "ds + (t — s)? ||x.||5ds 
Ta) Jo Ta) Jo S 


Bes : — SIT "ds 
(n—1)!IT(a-—n+ af Ge 


DON, T ms 5 
nmm cue, P=) "le)lhas 


-INNT E z 
T — se^ 
mnt m Pens e 





























-INNT a i 
T — sy" : d 
(n — 1)IT(a — n 4 1) J ( Sapas 
iy, Iltoll ua xo ^l a yaler] i 

+ t4 Pepe] | t 
5 Ni" | Ni NTH | N,;T° | Ni NTH 
—T(a+1) T(a+1) (n—1)T(a—n-42) (n-1)T(oa—n-2) 

2 n—2 
m IIT 4 loll ra OPE lo “Il n- | BS T^i 


gs — s)*-1|z(s)||^ds NONO — s)*-1|z, lS ds 
«a f E- eeds e SEE Ur leid 
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TENE T den i 
mmm, € - 97" le@lhas 


T" N; Ny 2 d 
(n — DUE 1) f (T — 8) le ds, 














By lemma 3.2, there exists a N > 0 such that ||z(t)|| € N,t € J. 
Thus for every t € J, we have Ir. € N. This show that the set E(F) is bounded. 
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As a consequence of Schaefer's fixed point theorem, we deduce that F has a fixed point that 


is solution of fractional BVP (1). 


5. EXAMPLES 


In this section, we give tow examples to illustrate the usefulness of our main results. 


Example 5.1. 


c Tja — e-H  ( cos(t)|x(t)| t e "t (s-H|x(s)]) 
(10) D?z(t) = Fa ( "cat T Jo xe reas) te Jy, a € (3,4), 


x(0) = 0,2/(0) = 0,2"(0) = 0,2" (1) = 0, 





where u > 0 is constant. 


Take X; = [0, 00), J; = [0,1] and so T = 1. 


Set 


e "(s  |x(s)]) 








fi (t2) (820) = s (EEO + 200). lits c) = 


Let z1, £2 € C(J, X1) and t € [0, 1], we have 








ETE et |z1(s)| — la(s) 
65,5109) SRM 2209) “5 Fere lo CD CE ae ES D 


< os |z1(s) — x»(s)]; 


and 


| f(t, x(t), (S21) (0)) — fi (t, st, (522) (0)) | 


< = EH Be - LXX - (2:6 — sese) 




















2(1+s+|x(s)|) 
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eil = le) -| 





(1-1 OD 0 e) 
zit) — sit + (S21) - (S230) . 





(ëch - ssa) 





Also, for all x € C(J1, X1) and each t € Ji, we have 


| (60), (S2)(0))] < —— ( Let | | = f 


^" 1+et NI Ix(t)] 
-yt —pt 
yee TN Ra 

E 2 


For t € Ji, 8 € (0,0 — 3), we have 
m(t) = SË € L? (A,R), m(t) = SE 
. |pe-^t e Hie Ht 
M = | 2 t 3 3 lona 
Choosing some u > 0 large enough and suitable 8 € (0, & —3), one can arrive at the following 











cs leto | i) 









































* (A, R), h(t) = SF (1+ S) € L5 (3, R) and 




















inequality 


M 1 M 1 


Qag = = | Xm < 
P T(a)(Sz8j1i-8 3T (a — 3) (2585315 





All the assumptions in Theorem 4.1 are satisfied, and therefore, the fractional BVP 10 has 
a unique solution on J4. 





Example 5.2. 

cpa — t" (eos) rt Ciel 

Dest) = 15 ( ijs) Jo Set 5n yds), t € J,a € (3,4), 
(11) x(0) = 0, (D 0,20) = 0, z” (1) = 0, 


voee cele E 
Take X; = [0, 00), J; = [0,1] and so T 2 1 
Set 


t"|x(s)|^ 
2(1 + |x(s)I)’ 








folt, st, (92)(0)) = < (Sb 


ité\ 1+ (f | oc) ko(t, s, a (s)) = 
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For all x € C(J1, X1) and each t € Jı = [0,1], we have 


at siet < 5(1+ leist) 


and 





t" 
alta, 320) e (| EE Jr Loan) 
< Z (L+ OP ESO 


< 5 (14 IP G0) 


Now, since v > —a, we have 


fe -— s)°" fa(s,u(s), Sx(s))ds s IR sg wm (oy De adi epar) 2 


t BON 
< m f (t — s)o71 (» + ei ds 
$ 2 


t?" 
< MjT(o)I* H 4 =) 


MT (o)E (1 + v) 
T(1-o- v4 o) 


M3T(o)I (1 + 2v) 
N1 +2w +a) ' 





and 


0 
t Bis 
< ag (t= s) e + =| ds 
R 2 
t?" 
< MT (a —3)7*? (e + =) 


MAT (a — 3)F(1 + v) 
rv +a- 2) 


MT (a — 3)T (1 + 2v) 
21 (2v +a — 2) 





IA 
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As a result, the sets 


Kum d — al "Eis x(s), Sa(s)) : v e C(A, Xs), s € DÉI 


Ky = $ (t — 5)** f(s, 2(5), Seille OU, X1), s € [0,t]}, 


are bounded which implies that ku, Ky2 are relatively compact. Thus, all the assumptions 


in Theorem 4.2 satisfied, and, hence, the fractional BVP 11 has at least one solution on Jı. 








16 
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